A geometric graph is a graph drawn in the plane so that the vertices are represented by points in general position, the edges are represented by straight line segments connecting the corresponding points.
Introduction
A geometric graph G is a graph drawn in the plane by (possibly crossing) straight line segments, i.e., it is de ned as a pair G = (V; E), where V is a set of points in general position in the plane and E is a set of closed segments whose endpoints belong to V .
The following question was raised by Avital and Hanani AH], Kupitz K] , Erd} os and Perles. Determine the smallest number e k (n) such that any geometric graph with n vertices and m > e k (n) edges contains k+1 pairwise disjoint edges. By a result of Hopf and Pannwitz HP] and Erd} os E], e 1 (n) = n. Alon and Erd} os AE] showed that e 2 (n) 6n which was improved by Goddard, Katchalski and Kleitman GKK] to e 2 (n) 3n. The best known lower bound, e 2 (n) 2:5n ? 4, is due to Perles (see PA] ). In GKK] it was also shown that 3:5n ? 6 e 3 (n) 10n and that e k (n) c k n(log n) k?3 (k 4). For any xed k, Pach and T or} ocsik PT] were rst to prove that e k (n) is linear in n; their bound was e k (n) k 4 n. It follows from a result of Kupitz K] that e k (n) (k ? 1)n. In this paper we further improve both the upper and lower bounds for general k.
Theorem 1 For k n=2, 3 2 (k ? 1)n ? 2k 2 e k (n) k 3 (n + 1):
We also improve the above mentioned bounds on e 3 (n).
Theorem 2 For any n 6, 4n ? 9 e 3 (n) 8:5n:
Theorem 1 and Theorem 2 are proved in Sections 2 and 3, respectively. Throughout the paper, we do not make any notational distinction between an edge and the segment representing it. Dilworth's Theorem. Let P be a partially ordered set containing no chain (totally ordered subset) of size k+1. Then P can be covered by k antichains (subsets of pairwise incomparable elements).
Let G = (V; E) be a geometric graph on n vertices, containing no k + 1 pairwise disjoint edges. For a vertex v, let x(v) and y(v) denote its x-and y-coordinate, respectively. We can assume without loss of generality that no two vertices have the same x-coordinate.
An edge e is said to lie below an edge e 0 , if no vertical line crossing both e and e 0 crosses e strictly above e 0 . Finally, let (e) denote the orthogonal projection of e to the x-axis. Obviously, each of the relations i is a partial ordering, and any pair of disjoint edges in G is comparable by at least one of them.
Since G does not contain k + 1 disjoint edges, (E; 1 ) does not contain a chain of length k + 1. Therefore, by Dilworth's theorem, E can be covered by k antichains with respect to 1 . Let E 1 be the largest of these antichains, thus jE 1 j jEj=k. Applying Dilworth's theorem on (E 1 ; 2 ), we similarly get an antichain (with respect to 2 ) E 2 E 1 of size jE 2 j jE 1 j=k jEj=k 2 . In the rest of the proof we estimate the size of E 2 from above.
Since E 2 is an antichain with respect to 1 and 2 , (e) \ (e 0 ) 6 = ; for any e; e 0 2 E 2 .
Therefore, T e2E 2 (e) 6 = ;, so there is a vertical line`which intersects all edges in E 2 . (i) (e 1 ) \ (e 2 ) has positive length, (ii) for any z 2 ( (e 1 ) \ (e 2 )) n f (v 1 )g, the vertical line through z intersects e 2 below e 1 , and it intersects no other edge going from v 1 between e 1 and e 2 .
Observe that each edge in ? ! G 2 has at most one zag. We call an oriented path e 1 e 2 : : :e r in ? ! G 2 a zigzag path, if e i+1 is the zag of e i , for each i = 1; : : : ; r ? 1 (see Fig. 2 Figure 4 : e 1 ; e 3 ; : : :; e 2k+1 are disjoint.
Proof of Lemma 4. Let v 2 V be a vertex lying to the right of`, and let P 1 ; P 2 be two di erent zigzag paths in ? ! G 2 ending in v. If the slope of the last edge in P 1 is, say, smaller than the slope of the last edge in P 2 , then the last edge of P 1 has a zag and, consequently, P 1 can be extended to a longer zigzag path. It follows that at most one maximal zigzag path { 5 { ends in v, and this is similarly true for any vertex not lying on`. Similarly, at most two zigzag paths end in any vertex v on`(one coming to v from the left, the other one from the right). The lemma now follows from the assumption that no pair of vertices lies on a vertical line. 2
The lower bound
For simplicity, suppose that k is even and n is odd. Set z = (n ? k + 1)=2. Let P be a set of z points p 1 ; : : : ; p z placed equidistantly in this order from left to right on a horizontal line p.
Let Q = fq 1 ; : : : ; q z g be a translation of P such that q i always corresponds to p i and p 1 p z q z q 1 is a square. Let q be the line containing Q, and let r be the line parallel to p and q, halfway between them. Let E 1 be the set of all segments (edges) p i q j with ?k=2 i+j?(z+1) k=2 (see Fig. 5 ). Figure 5: The edges of E 1 and E 2 (for k = 4; n = 15; z = 6). The segments of E 1 intersect the line r in k + 1 points r ?k=2 ; r ?k=2+1 ; : : : ; r k=2 such that r t always lies on the segments p i q j with i + j ? (z + 1) = t. Let R be the set of the centers of the segments r t r t+1 (t = ?k=2; ?k=2 + 1; : : :; k=2 ? 2), and let E 2 be the set of all edges (segments) joining vertices of R with vertices of P Q (see Fig. 5 ).
We now show that the geometric graph G = (P Q R; E 1 E 2 ) gives the lower bound in Theorem 1.
First, observe that G has z + z + (k ? 1) = n vertices and jE 1 j + jE 2 j = (n ? k + 1)(k + 1) ? 4(1 + 2 + : : : + k=2) Lemma 5 ( GKK]) If a geometric graph G of n vertices does not contain 4 pairwise disjoint edges and there is a line which intersects every edge of G and contains no vertex of G, then G has at most 7n edges.
Lemma 5 is not stated in GKK] explicitly. However, its proof (relatively long caseanalysis) is readily contained in the proof of Theorem 2 in GKK].
Let G = (V; E) be a geometric graph without 4 pairwise disjoint edges. Denote the vertices by v 1 ; : : :; v n from left to right, and assume that no pair of them lies on a vertical line. For any 1 i < n let G i be the subgraph of G which contains only those edges v v of G where i < .
It follows from Lemma 5 and the assumption that for any 1 i < n jE(G i )j 7n. Since G ? I+1 contains two disjoint edges, G + I+2 does not. Suppose without loss of generality that I < n=2. Then
Therefore, jE(G)j e 1 (I) + e 1 (n ? I ? 1) + 7n + I < 8:5n: For n even, we take the above geometric graph on n + 1 vertices, and remove a vertex and the six edges incident to it. The resulting graph on n vertices has 4n ? 9 edges. 2 4 Remarks By a little modi cation, it is possible to slightly improve the upper bound of Theorem 1.
Theorem 6 For any k n=2, e k (n) 4 21 k 3 n + O(k 2 n):
Proof. (Sketch) We use the same partial orderings, 1 ; 2 ; 3 ; 4 , as in the proof of Theorem 1 (see Fig. 1 Return to the proof of Theorem 6. It is not hard to see that there is a line`which avoids all vertices of G and on one side of`there are dn=2e vertices and at most dk=2e pairwise disjoint edges, while on the other side of`there are bn=2c vertices and at most bk=2c pairwise disjoint edges of G. We get the recursion e k (n) 1 6 k 3 n + O(k 2 )n + e dk=2e (dn=2e) + e bk=2c (bn=2c) and Theorem 6 follows. 2
If the number of edges in a geometric graph is at least (n 2 ), then Theorem 1 guarantees (n 1=3 ) pairwise disjoint edges. This is improved by the following result of Pach P] .
Theorem 8 ( P] ) For any c > 0 there is a c 0 > 0 such that every geometric graph of n vertices and at least cn 2 edges has at least c 0 p n pairwise disjoint edges.
